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260. 
ON THE DOUBLE TANGENTS OF A PLANE CURVE. 


[From the Philosophical Transactions of the Royal Society of London, vol. CXLIX. for the 
year 1859, pp. 193—212. Received March 17,—Read April 14, 1859.] 


Ir was first shown by Pliicker on geometrical principles, that the number of 
the double tangents of a plane curve of the order m was 4m(m-—2)(m?—9): see the 
note, “Solution d'une question fondamentale concernant la théorie générale des Courbes,” 
Crelle, t. XII. pp. 105—108 (1834), and the “Theorie der algebraischen Curven” (1839). 
The memoir by Hesse, “Ueber die Wendepuncte der Curven dritter Ordnung,” Crelle, 
t. XXVIII. pp. 97—107 (1844), contains the analytical solution of the allied easier problem 
of the determination of the points of inflexion of a plane curve. In the memoir, 
“Recherches sur I’élimination et sur la théorie des Courbes,’ Crelle, t. XXXIV. (1847), 
pp. 30—45, [53], I showed how the problem of double tangents admitted of an analytical 
solution, viz. if U=0 is the equation of the curve, L, M, N the first derived functions 
of U, and 

D = a (Mo, — No,) + B (No, — L0,) + y (La, — Moz) 


(where a, B, y are arbitrary), then the points of contact of the double tangents are 
given as the intersections of the curve U= 0, with a curve the equation whereof is 
in the first instance obtained under the form [Y]=0; [Y] being a given function of 


POS PU, 3. Be, 


of the degree m—m-—6 in respect of (a, 8, y) the degree m*—2m?—10m+12 in 
respect of (æ, y, 2), and the degree m? +m — 12 in respect of the coefficients of U. 
It was necessary, in order that the points of intersection should be independent of the 
arbitrary quantities (a, 8, y), that we should have identically 


[Y]J=A.U+N.0U, 
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N being of the degree m*—m-—6 in (a, B, y), and consequently ITU a function of 
(a, y, 2) without (a, 8, y). Guided by Hesse's investigation for the points of inflexion, 
I asserted that it was probable that N was of the form (as - By+yz)™"—™-*; which 
being so, IIU would be of the degree (m—2)(m?—9) in respect of (x, y, 2), and the 
degree m?+m-—12 in respect of the coefficients, and I was thus led to the theorem, 
“On trouve les points de contact des tangentes doubles en combinant avec lëquation 
de la courbe une équation IU =0, de lordre (m—2)(m?—9) par rapport aux variables 
et de l’ordre m?+m-—12 par rapport aux coefficients—c’est-a-dire, puisqu'il correspond 
deux points de contact à une tangente double, le nombre de ces tangentes est égal 
à 4m(m—2)(m?—9): théorème démontré indirectement par M. Pliicker.” 


Hesse, in the memoir “Ueber Curven dritter Ordnung u.s.w., Crelle, t. XXXVI. pp. 
143—176 (1848), showed how the components D?U, DPU,... D”U of [Y] could each of 
them be expressed in a simplified form, and he thus effected the actual reduction of [Y] 
to the form A. U + (ar + By + yz)" R, where R still contained the arbitrary quantities 
(a, B, y) in the degree (m—2)(m—3). In particular for a quartic curve, the equation 
R=0 was shown to be 

30.0. E Q; = 0, 


where the left-hand side is of the degree 2 in (a, B, y) and the degree 16 in (a, y, 2); 
and which should therefore by means of the equation U—0 be reducible so as to contain 
the factor (ax + By + yz). 


Jacobis paper, “Beweis des Satzes, dass eine Curve n-ten Grades im allgemeinen 
4n(n —2)(n?—9) Doppeltangenten hat,” Crelle, t. XL. pp. 237—260 (1850), did not, I 
think, materially advance the solution of the question. In a letter to Jacobi, dated 
the 30th December, 1849, published at the conclusion of the last-mentioned paper, 
Hesse gave the equation of the curve of the 14th order for the points of contact of 
the double tangents of a quartic, viz. in my notation, 


(4, B, C, OF ©, HQ H, OH, HY — H (A, B, Ç, 8, G, HU, Oy, 0, H =0, 


and the demonstration is given in Hesses paper, “Ueber die ganzen homogenen 
= Functionen von der dritten und vierten Ordnung zwischen drei Variabeln,” Crelle, t. XLI. 
pp. 285—292 (1851), and is reproduced in Mr Salmon’s Treatise on the Higher Plane 
Curves (1852). Two very interesting memoirs by Hesse and Steiner, Crelle, t. XLIX. 
(1855), relate to the geometrical theory of the double tangents of a quartic, and it is not 
necessary to refer to them more particularly. It is to be observed that the curve 
which determines the points of contact of the double tangents is not absolutely deter- 
minate; for we may, it is clear, in the place of IIU =0, write I1U+M.U=0, where 
M is an arbitrary function of the proper degree: a very elegant transformation in the 
case of the quartic is given in Hesse’s paper, “Transformation der Gleichung der Curven 
14ten Grades, welche eine gegebene Curve 4ten Grades in den Beriihrungspuncten 
ihrer Doppeltangenten schneiden,” Crelle, t. LII. pp. 97—103 (1856). 


Mr Salmons work above referred to, contains the fundamental theorem of the 
tangential of a cubic, viz. a tangent to a cubic meets the cubic in a third point 
24—2 
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which lies on the second or line polar of the point of contact with respect to the 
Hessian. In my “Memoir on Curves of the Third Order,” Phil. Trans. vol. CXLVII. 
(1857), pp. 415—446, art. No. 37, [146], I gave an identical equation relating to the 
tangential of a cubic, but which is not there exhibited in its proper form; this was 
afterwards effected by Mr Salmon, in the paper “On Curves of the Third Order,” 
Phil. Trans. vol. CXLvitl. (1858), pp. 535—541. The equation, as given by Mr Salmon, 
is in the notation of the present memoir, 


—~§.U+4D.DU-}DH.DY+H.T=0, 


an equation which in fact puts in evidence the last-mentioned theorem for the tangential 
of a cubic. 


The idea occurred to me of considering, in the case of the higher plane curves, 
the tangentials of a given point of the curve, viz. the points in which the tangent 
again meets the curve; for by expressing that two of these tangentials were coincident, 
we should have the condition that the given point is the point of contact of a 
double tangent. But I was not able to complete the solution. 


Finally, Mr Salmon discovered the equation of a curve of the order m— 2, which 
by its intersections with the tangent at the given point determines the tangentials, 
and by expressing that the curve in question is touched by the tangent, he was led 
to a complete solution of the Double-tangent problem. Mr Salmon’s result is given 
in the note, “On the Double Tangents to Plane Curves,’ in the Philosophical Magazine 
for October 1858. The discovery just referred to led me to the investigations of the 
present memoir, in which it will be seen that I obtain, for a curve of any order 
whatever, the identical equation corresponding to the before-mentioned equation obtained 
by Mr Salmon in the case of a cubic; which identical equation puts in evidence the 
theorem as to the tangentials of the curve, and may thus be considered as containing 
in itself the solution of the Double-tangent problem: the identical equation is besides 
interesting for its own sake, as a part of the theory of ternary quantics. 


1. Mr Salmon’s solution of the problem of double tangents is based upon the 
following analytical determination of the tangentials of any point of the curve. 
Let 
T=(*94, Y, Syo 
be the equation of the given curve, (X, Y, Z) being current coordinates; and let 
(æ, y, 2) be the coordinates of a point on the curve, so that we have 
U=(* Ua, 4 2)”—0, 
a condition satisfied by the coordinates of the point in question. 


Then the tangent 
V =(X0,+ Yo, + Zo,) U=0 


at the point (#, y, z) meets the curve besides in (n—2) points, which are the 
tangentials of the given point (æ, y, 2), and which are determined as the intersections 
of the tangent V=0 with a certain curve, 


X= (Fhe, y, 2-0. 
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2. To express the equation of this curve, let U,, Uz, ... be the successive emanants 
of U, taken with the facients of emanation (æ, y,, z,), viz. 


1 1 
U, — = [showa be aa | (2,0 =r Y Oy “ifs 202) U, 


1 
U, = og À, Jehona be | (#,0z + Y Oy gjë 2,094) U, 


1 
(n—3) (—3) 


where it should be noticed that the numerical determination is such, that putting 
(x, y, 2) for (x,, Y, 2,), then U,, U,,... become respectively equal to U. [The numerical 
determination should have been and in the latter part of the memoir is assumed to 
be such as to render H,, H,, &c. equal to H, on making the substitution in question: 
the correction was made in a later memoir “On the double tangents of a curve of 
the fourth order.”] Suppose also that H, H,, H,,... are the Hessians of U, U,, Un, ..., 
viz. H is the determinant formed with the second derived functions of U with respect to 
(x, y, 2), H, the like determinant with the second derived functions of U, with respect to 
the same quantities (x, y, 2); and so on. Moreover let DH, =(X0,+ Yo, + Z0 )-H, 
denote the (n—2)thic emanant of H with respect to the current coordinates (X, Y, Z) 
as facients of emanation; and similarly let D”-H,, DH,,... denote the (n — 2)thic 
emanants of H,, H,,... in respect to the same facient of emanation—it being understood 
that in all these functions, (#,, y,, 2,) are after the differentiations to be replaced by 
(æ, y, 2). It is to be observed that U, is of the degree (n —r) in (a, y, z), and con- 
sequently H, of the degree 3(n—2-—r); hence D”°H, is of the degree 3(n—2 — r)—(n —2), 
= 2 (n — 2) —3r, which implies that r+3(n—2), for otherwise DH, would be identically 
equal to zero. Upon replacing (æ, y,, 2) by (a, y, 2), DH, (r satisfying the above 
condition) becomes of the degree 2(n — 2) in («, y, 2), and it is obviously of the degree 3 
in the coefficients of U, and of the degree (n—2) in the current coordinates (X, Y, Z). 


3. This being premised, we have 


Q= CTEK , YT, Z YT 
= Dy — i DH, + Bec. —0, 


for the equation of the curve of the order (n —2), which by its intersection with the 
tangent gives the tangentials of the given point, the numerical coefficients are the 
binominal coefficients of the order (n—1) taken with the signs + and — alternately, 
and the series is continued as long as the terms do not vanish, that is, if as before 
r denote the suffix of H, for so long as r+2(n—2); but of course the value will 
not be altered by continuing the series to r=n—1. In particular, for the quartic 
we have 

Q = PH = 3 DH, 
for the quintic 

Q = DH — 4D°H,+ 6D*H,, 
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and so on. The function Q, like the several component terms, is of course of the 
degree 3 in the coefficients of U, and of the degree 2(n —2) in (a, y, 2). 


4. It is to be remarked that the formula applies to a cubic; we have here 
simply Q— DH, which agrees with a result already mentioned. It may be noticed 
also that in the general case the formula gives at once the condition for the points 
of inflexion; in fact, if the point (æ, y, 2) be a point of inflexion, then one of the 
tangentials mane coincide with this point, or the equation Q =0 will be satisfied by 
writing therein (a, y, z) for (X, Y, Z); but when this is done D-H, DH, Ne. 
reduce themselves (to numerical factors prés) to H, and the equation becomes simply 
H =0, which is the well-known condition for the points of inflexion. 


5. If two of the tangentials coincide, or what is the same thing, if the tangent 
V=0 touches the curve (=0, then the point (a, y, 2) will be the point of contact 
of a double tangent. The equation which expresses the condition in question, treating 
therein (a, y, z) as current coordinates, is consequently that of a curve, intersecting 
the given curve (now represented by U=0) in the points of contact of the double 
tangents. The process leads to a determinate form IIU=0, of the curve in question, 
but of course any curve whatever, IIU + M.U=0, will intersect the curve U=0 in 
the points of contact of the double tangents. 

6. I write for the moment 

O=(A, ... XX, Y, Z-o0, 

V=EX+Y + = 0, 
for the two equations; the coefficients (A, ...), as already mentioned, are of the degree 
2(n—2) in (a, y, z) and of the degree 3 in the coefficients of U, or as we may express it, 


A, ...= (4, 2) (4 yy 2p, 


In like manner £, 7, € are of the degree (n—1) in (a, y, z), and the degree 1 in the 
coefficients of U, or we may write 


EM z(a, 1) (7, Y, grt, 


7. The equation which expresses that the line V =0 touches the curve Q =0, is 
FQ=0, where the facients of the Reciprocant FQ are the coefficients (E, n, E) of the 
linear function. This equation is of the form 


(4,5 ÇE, 9, gjo =O; 
or attending to the forms of (A,...) and (E, n, Ẹ), it is of the form 
(a, ... 03+ m-a (gy y, zjn- n-a +n- n—a n—3 — O, 
or what is the same thing, the form 


(a, në .) (na) (n—3) (a, Y, gjin (n2—9) mS 0, 
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viz. the curve through the points of contact of the double tangents is a curve of the 
order (n—2)(n?—9), and its equation contains the coefficients of the equation U=0 
of the given curve in the degree (n+4)(n—3). And since each double tangent 
corresponds to two points of contact, the number of double tangents is 4n(n — 2)(n” — 9). 
This agrees with the before-mentioned results. 


8. The whole problem is thus reduced to the demonstration of Mr Salmon’s 
expression for the curve Q—0. To fix the ideas, consider the case of a quartic curve 
T=(*¥X, Y, Zýř=0, and let the function U —(xYx, y, 2): (or as for shortness we 
may write it, U=(a, y, z)*) and certain of its emanants be represented as follows, viz.— 


a =(#, yY, 2) 
b sz, y, 2)°(X, Y, 2), 
c =(a; y, 244, Y, ZY, 
d (a, y, ÇË, Y, Z) 
AR E (5, Y ZY 
A O AR 3 e ie KË ët ZR, 


Y (e, y aX, Y, ZA”, Y, Z), 
c = (a, Y, z) (4, Y Z)(X’, ys Z), 


L KA OE FLZ”, YA 2, 
aS (a iy, 28 OW. oes - he’. Puen 
bY =(a, y, 2) (X, Y, Z)(X’, Y, ZY, 
Bf ae ie (X, Y A(X", Y. ZY, 


where (X’, Y’, Z’) are new arbitrary facients; but, as before, (X, Y, Z) are taken to 
be current coordinates, and (æ, y, 2) the coordinates of the given point on the curve: 
e=0 is the equation of the enrve; 
d=0, the equation of the first or cubic polar of the point (a, y, z); 


b=0, the equation of the last or line polar of the point (a, y, 2), or what is the 
same thing (the point being on the curve), the tangent of the curve 
at this point ; 


a=0, the condition which expresses that the point is on the curve. 


9. Imagine now an identical equation, 


al+ bII+dIiI+eIV =0; 
then, since a=0, we have 
b1I+ dlll+elV=0; 
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and if in this equation we write b=0, e=0, it becomes IIId =0, that is, the points 
of intersection of the curve e=0 and the tangent b=0 lie on one or other of the 
curves d=0, IIL=0. But the points in question do not lie on the curve d=0, 
consequently they lie on the curve III — 0. 


10. To explain the law of formation of the multipliers I, II, III, IV, I form the 
matrix 


(a, bg) epid oda yi BP en), 
Py Pe e PR 


and then we have 


meld, 6, 0 pr) disi dë 


mas FER St E PR e ee NË $ë 
KA v | NT RA PR Pe A 
a, c', a” | d’, v, Që d’, a, a 
Mela, Play Pepa dja I, 
E a A | bay) ae Dis E, ND 
a MS es in ats Cae gjyk na” 
V="\ a, “GOJËT a, U 
b , Cc , A b ? d , b’ 
a UB BEN shea’ eh ge 


values which, as I proceed to show, satisfy the identical equation 


al+bII+dIll+elV=0. 
11. We have in fact 

I= d(db”—c? +c” — bad) 

+e (be — b"e +b — be”) 

+d'(cc’ — db +bd' —cc' ), 

where the last line is = bd? — db'd' ; 

I= doc —a'd+be —bce+ad — be’) 
+e (ca”— a'c + bb” — b° + ac” — ac) 
+d (a'd— b'e +be — be’ + be’ — ad’), 


where the last line is da’d’ — ad”; 
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I= a(—bd to” +c? —b’d+b'd' — ea”) 
+b( te” ~b'o 4- Bb >be e, QE, A 
+a( cc —bd tbd -cc’ tae —b'd ), 
where the last line is — ba'd' + ea; and 
IV= albe- be +da”— bo) 
+b (b° — bb’ + a'd — a”c) 
ta (be —be +b’ —ad), 


where the last line is bac” — ad. 


These values may be expressed as follows: 


I= a( 0 ) 
+b( dë ) (12) 
4d( B'd--c”e- Hd — ce — dë) (13) 
te(—b'e—-c'dbrborch  ), (14) 
ME se ) (2) 
+b( 0 ) 


td(—a'd—b'o—c'dtad tb +b +da) (28) 
+e( ac HdD'DHc'a — ac — bU —ca ), (24) 


I= a—bd—c'drbd + edd +dt ASI) 
+b( a'dhd'e He'd—ad—be— cv — da) (32) 
+d( 0 > ) 
+e(— a'a +ga T (34) 

IV— a( be te'b— be —c ) (41) 
+b(— ac —b’'b-—catac +b +d ) (42) 
+d( a'a aa ) (43) 
+e( 0 ), 


www.rcin.org.pl 


25 


193 


194 ON THE DOUBLE TANGENTS OF A PLANE CURVE. [260 
which are of the form 
I=a 0 +b(12)+d(13)+e (14), 
II =a(21)+b 0 +d(23)+ e(24), 
III = a(31) + b(32)+d 0 +e(34), 
IV za (41) +b(42)+d(43)+e 0 , 
where (12) — — (21), &c., and which therefore satisfy the equation 


al ol +dIIIl telV —0. 


12. The equation of the curve which by its intersection with the tangent gives the 
tangentials, is 


IlI=—|a, b; o (=a, c, WU l—|a, d, da 150, 
DË. KU By ieee VER oe 
a’, V, c” a’, c, b” a’, ad’, a’ 


the degrees of which are 
in the coefficients of U, 3, 


res ee Ley eee rë ao 6, 
in CRF ye he tek ce an 4, 
TO. JE që ai ee wa 2: 


and it only remains to divest this equation of a factor which it contains, 
s, Y, 2 |’, 
Ar ee 
XE ie 


which being thrown out, the equation will be independent of (X’, Y’, Z’) and will be 
of the degrees 


in the coefficients of U, 3, 


and will in fact be the before-mentioned equation Q = DH — 3 DH, —0. 


13. Write for shortness, 
w, y, 2 |=A, 
Hea Fy Z 
me ee 
it is to be shown that 
Ill = — 4A? (DH — 3D°H,). 
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14. To effect this I remark that vve have identically 


a; 6, 4 1sAH: 


and I proceed to operate upon this equation with D=X0,+ Yo, + Z0;. 


I notice that 
ti Sh NË dë E E ee 
are in regard to (a, y, z) of the degrees 
4, 3.2, BO: AT Pee PA E Gay | 
or what is the same thing, since for the case in hand n=4, of the degrees 
Oy E I n—l, n—2,...; n—2, n—3),... 
and vve have 


Daz nb, Db—(n—1)c,... Da —(n—1)6, Db —(n—2)c,... Da” —(n—2)6”,... 


15. In the determinant 
a, b, @ (sh, 


the degrees of the terms (other than each top term, the degree of which is higher 
by unity) in the several columns are n—1, n—2, n—2; if then we operate on the 
determinant with D, and as regards the top terms we write 


Da =b +(n—-1)b, 

Db =c +(n—2)c, 

Da =b + (n— 2)’, 
we have in the first place a term 


» oe, | U 
= 8 Më 
a’, b, a” 


which vanishes, and ‘next the terms 


(n—1)|b, b, d |+(n-2)| a, c, a |4+(n—2)| a, b, 6 
cë Eont b i, O. Di ËT. 


Bo baat ay eye" a, Bro" 
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the first of which vanishes. On the right-hand side DA=0 identically, and therefore 
D.A?H = ADH, or we have 
(n—2)| a, c, @ |+(—-2)| a, 6, 6 |=A°DEA. 
b, d, 6 b, ¢, ¢ 


r Të n / 


ae, ve ev op oF 


16. I repeat the operation D: we have 


(n—2)(n—1)| b, c, vw |+(m—2)(n—-1)] b, b, V 


+(n—2)(n—3)| a, d, a |+(n—2)(n—-2)ja, c, V 
baes io bad, EEN : 


+(n—2)(n—2)| a, c, V |+(m—2)(n—-3)| a, b, č 
oa E RA 


a’, Cc, b” | pa b’, or 


N 


or, collecting the different terms, 
(n— 2)(n—3) ja, b, d |42(n—2)\a,¢, 0 |4(n—2)(n—3)| a ,d,a' |4+(n—2)(n—1)|b, c, a IN H. 
b,c,d Did C: by esh is doib 


a’, V, c” a’, C', b’ a, a’, a” | b’, C, a” 


17. A little consideration will show that in this equation we may write n—l 
for n, and H, for H. In fact, putting for a moment 6=2#0,+Y40,+20,, we have 
corresponding to the equation 

Gia O S pte be AH, 


this other equation, 


Ob. 00, OW 
ba, 66, da” 


where ultimately (x,, y, z) are to be replaced by (a, y, 2). We may operate upon 
this equation with D, D”, ... as before, the only difference being that in the first 
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instance da, 6b, &c. are as regards (x, y, 2) of degrees lower by unity than a, b, &c., 
that is »—1 must be substituted throughout in the place of n; and when at the 
end of the process (æ, y, z) are replaced by (a, y, z), then Sa, 5b, Ke. become equal 
to a, b, &c., from which the truth of the asserted proposition is manifest. 


18. Hence writing n= 4, we have 


2ja, b, e |+8|a, d, a |\+2/a, d, ag | EOIN c, a |= ADH, 


Dt E JO & Ps 85 i ey Gn. oF 
a>) e dd TA QË De n€ 
Pi Os +O cw TË +2 |10; of de, 
O Ten D Ca HË 
a A a4 O OA 
and hence 
pd e Sa os PONT Pan ds,” a | 
al bë ix dy ED Nëse dë {=H arin) 
TV RR së a 64,0" TR ew OA 


which is the required equation 
Il] = -JA(D-H — 3D-H,). 
19. It is to be added, that the equation for A?DH gives IV=4A2DH; the values 
of II and I are at once obtained from those of III and IV by interchanging (a, y, 2) 
and (X, Y, Z). Hence if we represent by $, DÐ, Wc. the values which H, D, ke. 
assume by this interchange, we may write 
IT=—4A°DH, 
II = + 4A2(D°H — 3D°H,), 
TI = — 4A°(D°H —3DH,), 
IV=+}3A°DH; 
and the identical equation, 
al roll talll telV =0, 
gives therefore 
—DHG. U KDI — 3D°H,) DU — HOH -3D°H,) DT + DH .T=0, 
which is of itself sufficient to put in evidence the property that the curve DH — 3DH,—0 
gives by its intersections with the tangent DU=0, the tangentials of the point (a, y, 2). 


The last-mentioned equation is the equation for a quartic corresponding to Mr Salmon’s 
equation 


—-§.U+iDH .DU-1iDH .DT+H.T=0 
for the cubic U=0. 
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20. It is worth while to give the investigation of the equation for the cubic ; 
the matrix is 


(a, I 0) 
dt dd PË hae? 


a’, b’, c; rs b” 


and the identical equation is 
al + bI + cI + dIV =0, 


where 
I= es A E 
aie, © 
C, 6. iF 
He >|'o,: E =) ee. 
a; iene a. Sh, “e 
ed, oa NO 
III=—|a, b; V aA ES ae p. 
By 2! By Prd. i? EPO 
ae eee dd | a, Ata. 
IV = Pa, ball, 
Do ta ff 
ee së 
or, as we may express them, 
Ti u. YE 
+b( c”? ) (12) 
+c(b’c—ve—c’) (13) 
+d(—b’b+0bd' ), (14) \ 
Is af —c” J- (21) 
+b( 0 ) 


ko(—a'e—- Vo tac 00 tca) (23) 
+d( ad t'a ab — ba ), (24) 


II= a-—bet bete I 
+b( a'e KO D—ac bb —ca) (32) 
+c( 0 ) ai 
+d(— aa” ta” ), (34) 


IV= a(b -bv ) (41) 
+b(-a"b—b’a+al tba ) (42) 
+e( aa -aa ) (43) 
ta 0 ), 
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which verify the identical equation. We have III=—A?DH, IV— AH, and thence 
TI =+ A°DH, I=— A*H; hence the equation in question 
—-H.U+19DH.DU-4{DH.DT+H.T=0. 


21. One other example will be sufficient to render manifest the law of the formation 
of the multipliers I, II, III, IV. 


In the case of a sextic curve we have the matrix 


(4, 6, Ce well $e Le hE ty a, ee); 
+ LA 

bia Sh vine Bi Dit Enri ie medi 

a. b’, Cc’, d, e, Ka : ai ‘i re a. g! 


the identical equation is 
al+bIl+/fIII+gIV =0; 


and the expressions for the multipliers I, II, II, IV are: 


le iire E kg ts CIA jen d El Oa. 8 
gif dy” 18, ~ Hi Os By e Be Ka i 
HECE ae eae, et Fae” FS EE 
te Be ale TM a tam Pl te Ole of, Oy oe ele. ae, leh, 
JËS A os Ble p a; @ | p c, € oO. °F 
OG) el ie Ieee, al a ae, ee TP a, dë 
Nela, ba jeta, 6c @ |e, de tela, @€, 8 lla, fy ad 
ke KË dë au SN I, oe ae 
a a @ eo ret atje | pn T AN në 
V= "| a,b, d aj e EN pë, TË 
Do 5 E | O CREN TEG. i i a 
d ae ae reas re a; 8, 8. a ay a 
22. We have in fact 
I= a(0 ) 
+ b(— ge" ET ) (12) 
+f( b'f+e+d'd+e"c -bf —cë -dd —ec —fo ) (19) 
+ 9(— b"e — c'd — d"e +e redtdo teb ), (14) 
He a( ey Sor ) 21) 
+b(0 yet 
+f- a'f- b'e- c'd — d'e- ed taf +b red ide teb +f) (23) 
+g( a”e td'dtc”e Hd” — de -bd — cc —-dbp—ea ), (24) 
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TII= a(-—b’f—c"e—d'd—e'c OF +e” rdidtec tf ) (1) 
I b(+a f+ b’e + c'd + de + e”b han af shpe ra dë =eu —fa) (32) 


PS, Sis 
+9(-aa +a" ), (34) 
IV= a( b’e+c’d+d’c -be —cd—de — eb ) (41) 
+ b(-—a’e—b’d—-c’c—a’"b taeë kod tee td rea ) (42) 
aft a'a =a” ) (48) 
+9(0 ), 


which are of the form 
I—a 0 +6(12)+/(13)+ 9 (14), 


II=a(21)+b 0 4+/(23)+ 9 (24), 
II = a (31) + 0(82)+f 0 +9 (34), 
IV =a(41) +) (42)+f/(43)+9 0, 
where (12) — — (21) &c., and the equation 


al gol gg +gIV=0 
is consequently satisfied. 


23. The expression 


Më by SH, ty Wa shaj dy Cajelia, Sf, a | 
Big Oh PEP AM Me SU i ae de 

| 
a’, V, e” a’, c', d” i a’, dl, c” a, ee a” | 


leads to 
MI =— A?( DH — 5D:H, + 10D:H.,), 


and consequently the equation of the curve which by its intersections with the 
tangent determines the tangentials of a point of a sextic, is 


D'H — 5D'H, + 10 DH, = 0. 


24. In the general case of a curve of the order n the matrix is 


È ' , , 
( Ao, Qi, Ag doi, Ao, Qy A n ) 
5 vigi / ' 
U), da, Gj w+ An ; GM, Ag “db na 
/ / / / 5 a tt n i 
| Ao, GU, da «ee Ani; dy, GA oes 0 n—a | 


where, in analogy with what precedes, 
Mo A, E Zy > 
mi = Gas E, ZY AG, CA 


gjer: ry Z) (a, Ys EJ, 


Un E që (e, Y: 2)” 7 
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and similarly for the accented letters, so that 

dy =O is the equation of the curve; 

a, =O is the equation of the first or (n—1)thic polar : 

ag =Q is the equation of the last or line-polar, or what is the same thing, since (2, y, 2) 
is a point on the curve, the tangent at this point; 

ay =0, the condition which expresses that (æ, y, 2) is a point of the curve; 


and we have to form the identical equation 
aol +a ll + anml + a,IV =0. 
25. If, for shortness, the columns of the last-mentioned matrix are represented by 
1, 2, 3....n, (1), (2)... (n— 1), 
and the determinants formed with these columns respectively by a corresponding 
notation {1, 2, (1)}, {1, 2, (2)}, &c., then the expressions for the multipliers I, II, II, IV 
are as follows, viz. 
I= {n, n—-1, (2)}+{n, n—2, (3)1... tin, 2, (n—1) 
H=- fn, n—1, (1)}—{n, n—2, (2)... —{n, 2, (n—2)} -{n, 1, (n—1), 
MI =- {1, 2, (n—1)}-{1, 3, (n—2)} ... -{1, n—l, Q)}-{L n, (1) b. 
IV= (jl, 2, (n—2) ti, 3, (n—D).. TI n—1, (1)}; 
the truth of the identical equation being shown, as in the foregoing special cases, by 
the transformation of the multipliers into the form 
I=a, 0 +a,(12)+a,_,(13) + a,(14), 
II — a((21) ta, 0 +4a,_,(23) + a,(24), 
II = a,(31) + a,(32) +a,, 0 -a,(34), 
IV — a((41) + a,(42) ta, (43) ta, 0 , 
where (12) — — (21), &c.: the required expressions may be written down without 
difficulty. 
26. Proceeding then to reduce the equation 
III =- {1, 2, (n—1))— {1, 3, (n — 2)... —(l, n— 1, (2) — {1, n, (1), 
we have the equation 
2 Cy = Aad, 


which is to be successively operated on with D. The degrees (less unity) of the 
columns 3 
ik, 2p atta, at) OD) (2). i204, 
are 
n—l, n—2,... 1, 0, n—2, n—3,... 0; 
and the rule is to operate on each column of the determinant, multiplying by the 
degree less unity, and increasing the symbolical number by unity. Thus 


DË, 2, Dj =(n—1 2, 2, O} (n—2)11, 3, DI +(n-2{1, 2, (2), 
= (n—2){1, 8, (1) +(n—2){1, 2, (2), 
since (2, 2, (1)} vanishes identically. The following Table shows the mode of effecting 
the operations : 


OS TY. 26 


pa 


DH 1 1 
l 1 
DH 1 ere 
Lire 2 
1 1 
1 1 
DH 1 ti. 
si 3 
1+ ig 3 
1 1 
1 2 3 
ëi 9 
ar Vi Le 
Së 4 
3 3 6 
u 4 
1 1 
3 3 6 
2 3 3 8 
2 1 3 
9 2 | qo-2p fn-2p fo-tr | 340) 
DH 1 12(6) 
E 
6. 4 
hie 
‘gor 
1 
6 4 
Su rë 
ae ae 
s i 
2 8 
2 3 
DH 1 
E 
i0 5 
10 10 
5 10 
1 6 
1 
10 5 
20 10 10 
15 20 10 
ria r 
dj 
10 20 pj POE 
5 10 15 n-2} [n-2}$ [n- 1} 
5 4 n= e Ae 2p 
5 la — Sp [m-2) (-1P | 40) 
DH | & EJ 
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where the first three columns show the numbers which give, by the addition of the 
numbers in the same horizontal line, the numerical coefficients of the factorials which 
multiply the different terms of H, DH, &c., and where in the last column 12(1), &c. 
are written for shortness in the place of {1, 2, (1)}, Ke. 


27. It is clear that we have in general 
ADHS l1[n— 2 [n —2) {1, 2, (r+1) 
+ 3 b-h- (r) | 


rE ini SP — 2211, 4, r- 1) 


3 
ee 


4 i I — 2Y'in —2g (1, r+2, (1) 
+[n—1} | ay vi [ome fa 22.4, (9) 


ja R—alin — 274 [n-2]- (2 r+1, (1) 


+R” [n-—2f [n-2]"* 13, 4, (r—3)} 


+[n—1} : 
+ R”,_,[n — 2] [n — 2] 3 ni QY) 
‘ 4r EN tr ae ie ne 
e yt hit dër: Whales Abele bres A) 
r even; or 7 odd 


vë LEE tj Rte In i PA In Në: 2) ir T y Kr të 3), (2)) 
A [n F: } i Rivet [n Z Zjat In — 20 {s(r+ 5, r+ 5), (1)} . 


and the general term is 
[n— 1]? Ron — 2}P*8[n — 2) 86 + 1, 8+2 +s, (r —28+1 — s), 
where s extends from s=0 to s—r— 26, and 6 from 6=0 to 6=4r or $(r —1), according 


as r is even or odd. The expression for the coefficients R,° is 


oe 
I 


and that of the other coefficients A,s3(6=or< 1) is not required for the present purpose. 


28. According to a remark already made, the expressions for D”H,, D'H,, &c. are 
at once obtained from that for D'H by merely writing n—l, n—2, &c. in the place 
of n: it is however to be noticed, that the quantity within the [] must not be 
negative, and that on its becoming so, the factorial is to be omitted. 


26—2 
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29. I write now 
+s=a, r—28—s=8, 
and I consider the expression 


DH e DH, + &c.; 


the general term of which is 


Rè +1, 6t2-s, (r—284+1-s)} 


[n— 1} [n — 2]}*[n — 29 
xd TI no} [n—3}*[n—3} |, 
+ &e. ) 


or, as this may be written, putting g=n—6-1, 
ROPI, 64+2+8, (r—26+1—s)} 
( In — 2]*[n — 2)8 | 
x [n-1P{ —4[n—3]*[n— 3] >. 


+ &e. 


30. I assume TPn—2, we have then a+8=r— ò} n—ò—?2, and therefore 
a+ @8<g. The general term of the series in {} is 


_)* I” —9 — Van — 2 — Y8 

Ps 2 SH -2-SY, 
where the terms for which n—2—Y is negative are to be excluded, or what is the 
same thing, the series is not to be continued beyond Y—n—2. But observing that 
lgj” vanishes for S>q, that is, S>n—6 —1, it is in-fact the same thing whether the 
series is continued indefinitely or only to the term for which S=n—6—1, and we 
may consistently with the condition X Pn— 2, continue the series as far as ¥=n—6-1, 
except in the case 6=0, when by doing so we include the term corresponding to 
Yzn—l, which in virtue of the condition ought to be excluded. The expression for 
the term in question is (—)""[—1]*[—-1]*; hence if the sum of the series continued 
to the proper point is ©, the sum continued indefinitely (in the particular case ô= 0) 
is S+(-)""[—1]*(—1]*, but in every other case the sum continued indefinitely is 
simply S. And by a well-known theorem in finite differences, the sum continued 
indefinitely is in fact zero. That is, except in the case 6=0, we have S=0, but in the 


excepted case 
S+(-[- Le 1? =0; 


or observing that a+ 8(=r—6) is in this case =r, and transforming the factorials, 


we have 
S=(-)"[a[6P, 
or substituting for a and B their values, 


STE)”. 
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31. Hence the general term of 
DH —"—* DH, + &e. 
vanishes except for =0, but when 6=0, its value is 
Re(1, 2+s, (r+1—s)} x (—)} [sfr — s]; 
or observing that R? is equal to [r] -+ [s [r —s), the value is simply 


GOT, 2+8, (r+1—s)}, 
that is, we have 


DH - i DH, + &e. 
=(—)""[r]’8,{1, 2+s, (r +1-— s), 


the summation in respect to s extending from s=0 to s—r. In particular, giving to 
r the values n—2 and n—1, and attending to the expressions for III and IV, we find 


Në (DH pak D-H, + tee ...) == e — ajo TIT, 
A? (pH TË D-H, + Be. ...)=—[n— 3) IV. 


32. The equation III —0 belongs to the curve which by its intersections with the 


tangent, gives the tangentials of a point of the curve U=0. Hence the equation of 
the curve in question is 


n—l 


DH- 


DH, + &e. = 0, 


which is Mr Salmon’s theorem, leading to the solution of the problem of double 
tangents. 


33. The expressions for I and II are obtained from those of IV and III by 
interchanging (X, Y, Z) and (x, y, 2), and reversing the sign. Hence if, as before, 
$, D, Ke. denote the values which H, D, &c. assume by this interchange, we have 


Në (DH — “JI DH, + be. ...) = [n— 2P, 


Në (DH — DH, + We. SP —3POI, 


and the identical equation 


aj ra, ta, II + a,1V =0 
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E 
bh 
is 


becomes therefore 


=H — 1 ong, + Re. 
Ta Te 


1 gg, + Ke.) DU 


(> 
“i (7 
(2 


“mn a — 2) 


hel DH, + kre. jor 
) T 


(DH ct dha Be 1 DH, it &c. 
) 


which is the general identical equation referred to in the introduction to the present 


memoir. 
34. It is to be noticed that for n=3, the equation is 
(H —2H,)U+ 19H. DU —-IDH.DY —(H — 2H,)T =0. 
But we have H,=H, and in like manner §,=8, and the equatien thus becomes 
—-§U+149DH.DT—-1DH.DT+ HT =0. 
And so also for n=4, the equation is 
(DH —3DH,)0+4(D°H — 3D°H,) DU — 1(D°H — 3D*H,) DT — (DH — 3DH,) T =0. 


L DH, 


But we have in general DH,-——, 


and consequently DH, =4DH, and As equation thus becomes 
—9H.U+14(D°H — 3D°H,) DU — KDH —3DH JOT + DH .T =0, 


which agree with the results previously obtained for the two particular cases. 
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